We study the tropicalization of intersections of plane curve. We prove that a subset of the tropical intersection is liftable only if it satisfies a combinatorial condition that we refer to as well-spacedness. When the two tropical curves coincide and their genus is at most 1, we prove that wellspacedness is the only obstruction to lifting. In the course of the proof, we describe the polyhedral structure of tropicalized linear systems arising from self intersections of plane curves. Furthermore, we introduce a combinatorial tool for constructing a large dimensional family of realizable tropical divisors.
Introduction
Tropical geometry provides a combinatorial hands-on approach to computing intersections of algebraic varieties. For instance, it has been used to compute Gromov-Witten invariants [Rau09] , Hurwitz numbers [CMR16] , and bitangents of plane curves [LM17] . Every algebraic intersection gives rise to a tropical intersection. Conversely, when both the algebraic and tropical varieties intersect properly, every tropical intersection point (counted with multiplicity) is the tropicalization of an algebraic intersection point [OP13] . However, as is often the case, tropical varieties do not intersect properly, and their intersection may only be lifted at the level of cycles [OR13, He16] . Our goal in this paper is to pinpoint the liftable representatives of such an intersection cycle in the case of plane curves. In other words, given smooth tropical plane curves Γ and Γ ′ , we wish to identify which subsets of Γ∩Γ ′ (counted with multiplicity) are obtained as Trop(C ∩C ′ ), where Trop(C) = Γ and Trop(C ′ ) = Γ ′ .
We introduce the following terminology. We say that a divisor D on Γ is (Γ, Γ ′ )realizable if
(1) there are curves C and C ′ with Trop(C) = Γ and Trop(C ′ ) = Γ ′ , such that D = Trop(C ∩ C ′ ). (2) the degree of D equals the degree of the stable intersection of Γ and Γ ′ . When Γ = Γ ′ , we say that D is Γ-realizable. We say that a divisor D on a metric graph Γ is well-spaced if for every simple cycle γ of Γ, the minimal distance from γ to the chips of D is obtained at least twice, counted with multiplicity. When Γ has genus 0, every divisor is vacuously well-spaced. This terminology is derived from the notion of well-spaced curves [Spe14] . Lastly, we call D rational if the coordinates of all of its chips are in the value group of the ground field. Our main result is the following.
Theorem 1.1. Let Γ and Γ ′ be smooth tropical plane curves. Then every rational (Γ, Γ ′ )-realizable divisor on Γ is well-spaced and linearly equivalent to the stable intersection of Γ and Γ ′ . If Γ = Γ ′ and the genus of Γ is at most 1, then every such divisor is Γ-realizable.
Remark 1.2. When Γ = Γ ′ with no assumptions on the genus g, we show in Corollary 3.6 that the dimension of the set of Γ-realizable divisors is d − g, where d is the degree of the self intersection Γ · Γ.
In [Mor15] , Morrison provides a strong necessary condition for lifting intersections of smooth tropical planes curves in terms of chip firing: if a divisor D is (Γ, Γ ′ )-realizable, then it differs from the stable intersection by a piecewise linear function that is supported on the region of intersection. Our Theorem 1.1 shows, in particular, that this condition is not sufficient, and that every realizable intersection divisor must also be well-spaced. This will follow by showing that realizability of an intersection implies the realizability of a certain tropical curve in R 3 . Speyer's well-spacedness condition for this curve then implies well-spacedness for the divisor of intersection.
Conversely, when Γ = Γ ′ and g ≤ 1, Theorem 1.1 shows that well-spacedness together with Morisson's condition are the only obstruction to lifting intersections. An inherent difficulty in the proof is that, a priori, the set of curves with a fixed tropicalization is a non-Archimedean semi-algebraic set that does not have a nice algebraic structure, see [NPS16] : it is not Zariski closed, and is not closed under addition. However, using Lemma 3.1, we can replace it with a certain complete linear system without changing the set of intersection points. This may be considered as a variation of tropical modification [CM16, Mik06] . This trick lets us witness a large family of realizable divisors combinatorially. By studying the polyhedral structure of the set of well-spaced divisors, we are then able to conclude that all well-spaced divisors must be realizable.
Unlike linear systems in algebraic geometry, tropical linear systems behave as if they are reducible in that they tend to have many tropical subvarieties of the expected dimension. In the course of proving Theorem 1.1, we show that the set of well-spaced divisors is in a sense the appropriate ambient space to consider: it is pure dimensional, and does not have any full-dimensional proper tropical subvarieties. We hope that well-spaced divisors will serve as a useful tool beyond this current paper.
It is natural to ask whether the conditions of our main theorem are the only obstruction to lifting intersections. Unfortunately, as we show in Section 4, this is not the case when Γ = Γ ′ .
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Tropical background, notation, and conventions
We begin by reminding the reader of some of the basic terms in tropical geometry. By a tropical curve we mean a planar graph with infinite edges such that every edge has rational slope and such that the balancing condition is satisfied at every vertex. The graph is endowed with a metric structure by assigning each edge its lattice length. That is, the length of an edge between lattice points v and v ′ is |ℓ|, where v ′ − v = ℓu with u a primitive lattice point. A tropical curve is smooth if it is trivalent, and every vertex is dual to a triangle of area 1 2 . Unless said otherwise, we will always assume that a tropical curve is smooth.
Let K be an algebraically closed field of characteristic 0 with a non-trivial non-Archimedean valuation ν : K → R. Unless stated otherwise, we assume that the valuation is surjective onto R. The tropicalization of a variety X embedded in an n-dimensional torus G n m is the set of points Trop(x 1 , . . . , x n ) = (−ν(x 1 ), . . . , −ν(x n )), as (x 1 , . . . , x n ) runs through the closed points of X. When n = 2 and X is a curve, Trop(X) is a tropical curve.
When two tropical curves Γ and Γ ′ intersect properly at a point p, their intersection multiplicity is |det(u, u ′ )|, where u, u ′ are the direction vectors of the edges containing p. The stable intersection of Γ and Γ ′ , denoted Γ · Γ ′ , is obtained by choosing a vector v such that Γ and ǫv + Γ ′ intersect properly for small enough ǫ, and taking the limit of Γ ∩ (ǫv + Γ ′ ) as ǫ tends to 0.
A divisor on Γ is a formal sum
where p 1 , p 2 , . . . , p k are points of Γ and a 1 , a 2 , . . . , a k are integers. In this case, D is said to have a i chips at p i .
Definition 2.1. A divisor D is well-spaced if for any simple cycle γ of Γ, the minimal distance from the chips of D to γ is obtained at least twice.
Example 2.2. Figure 1 depicts three divisors on an elliptic tropical curve. The divisor on the left is well-spaced because the two lower chips are equidistant from the cycle, whereas the other chips are farther away. The divisor in the middle is also well-spaced, because there are two chips whose distance from the cycle is 0. The rightmost divisor is not well-spaced, because there is a unique chip whose distance from the cycle is 0. From Theorem 1.1 it will follow that the leftmost divisor is Γ-realizable. The middle divisor is not Γ-realizable since it is not linearly equivalent to the stable intersection. The rightmost divisor is not Γ-realizable since it is not well-spaced. The divisor group of Γ, denoted Div(Γ), is the free abelian group generated by the points of Γ. To any bounded piecewise linear function φ with integer slopes we associate a divisor div(φ), such that φ(p) is the sum of the incoming slopes of φ at p. Divisors of this form are referred to as principal divisors. We say that two divisors are linearly equivalent if their difference is principal. The linear system of a divisor D, denoted |D| is the set of effective divisors that are linearly equivalent to D. It is a polyhedral complex, which in general does not have pure dimension [HMY12] . We may view |D| as a subset of Γ d /S d , where S d is the group of permutations on d elements. In particular, it is a subset of R 2d /S d .
Fix a divisor D of degree d on a smooth curve C embedded in the 2-dimensional torus G 2 m . Since C is not a proper curve, we restrict our notion of linear equivalence to divisors that are supported away from the points at infinity. More precisely, let C be a smooth compactification of C. The linear system |D| consists of the effective divisors that are supported on C and are equivalent to D on C.
Distinguished loci in the tropical linear system
In this section, we consider the case where Γ = Γ ′ . Throughout, we fix notation as follows. We denote the genus of Γ by g = g(Γ), the stable self intersection Γ · Γ by D Γ , and the degree of D Γ by d. We let
be the locus of well-spaced divisors in the linear system |D Γ |, and let W Γ be its pullback to Γ d . For two distinct smooth irreducible algebraic plane curves C and C ′ , we denote by C · C ′ the divisor of their intersection (counted with multiplicity).
Consider the locus
We intersect with |D Γ | because, as C is not proper, its intersection with a curve C ′ might be of a lower degree. Theorem 1.1 states that R Γ ⊆ W Γ , and that we have equality for genus g ≤ 1. Our strategy for proving equality is to show a stronger statement: fix a smooth curve C with Trop(C) = Γ and consider the locus of realizable divisors
let R C and R Γ denote the pullbacks to Γ d . It is clear that R C ⊆ R Γ . We will prove that when g ≤ 1, we have R C = W Γ and hence R C = R Γ . In particular, R C is independent of C and depends only on Γ, see Corollary 3.10.
3.1. The locus of realizable divisors R C . Although we are interested in curves with a fixed tropicalization, the following lemma shows that we are allowed to consider a larger, better behaved set.
Lemma 3.1. Let C 1 and C 2 be distinct curves in G 2 m , such that the Newton polygon of C 2 is contained in the Newton polygon of C 1 . Then there is a curve C ′ 2 with
t is a uniformizer of K, and r is a positive integer. Since the Newton polygon of C 2 is contained in that of C 1 , choosing r sufficiently large, we have Trop(C 1 ) = Trop(C ′ 2 ). Since we have an equality of ideals (f 1 , f 2 ) = (f 1 , h), the scheme-theoretic intersections C 1 · C 2 and C 1 · C ′ 2 are equal.
Remark 3.2. Lemma 3.1 provides a simple combinatorial way for finding realizable divisors. Indeed, if Γ ′ is any tropical curve whose Newton polygon coincides with the Newton polygon of Γ, then the stable intersection Γ·Γ ′ is in R C . In particular, if we denote by R st the collection of such divisors Γ · Γ ′ , we have a chain of containments
A particularly useful sublocus of R st , considered in Proposition 3.4, consists of the divisors Γ · Γ ′ where Γ ′ is obtained by translating Γ and changing the lengths of its edges. In fact, we show that this sublocus contains a full-dimensional set of divisors, which is the key to proving R Γ = W Γ when g ≤ 1.
As the next example shows, R st R C . Nonetheless, we will later see that R st contains a large dimensional set of divisors.
Example 3.3. Let t be a uniformizer for K and let f = t + x + y + txy. Its tropicalization Γ, depicted in Figure 2 , has vertices at (−1, −1) and (1, 1).
Let D = p 1 + p 2 , where p 1 and p 2 is any pair of points on the diagonal edge of Γ. Then we may find a tropical curve with the same Newton polygon, whose stable intersection with Γ consists of p 1 and p 2 , see Figure 2a . By Remark 3.2, D is Γ-realizable. Similarly, Figure 2b illustrates how Remark 3.2 realizes divisors that consist of a chip on the vertical ray emanating from (−1, −1) and a chip on the horizontal ray emanating from (1, 1).
In Figure 2c we use the same technique to realize 2 chips at a single point along the diagonal edge of Γ. Notice that the stable intersection of the two tropical curves has 2 chips at their point of intersection since the tangent directions there generate a sublattice of index 2. Observe that, although their subdivided Newton polygons differ, the Newton polygons of the two tropical curves are the same; hence Remark 3.2 still applies here.
Finally, there are many divisors in R C that are not in R st , such as the one depicted in Figure 2d . The divisor (1, 2)+(1, 3) is in R C since it is the tropicalization of the intersection of C with the curve
and a, B, C, D are generic with valuation 0. However, there is no curve with the same Newton polygon as f whose stable intersection with Γ is (1, 2) + (1, 3). Proof. Let G be the underlying graph of Γ, and denote by E 0 its set of bounded edges. Every curve with underlying graph G is determined by choosing the location of one vertex and assigning a length to each edge such that every cycle closes. We may therefore identify the set of tropical curves having the same direction vectors as Γ with a vector subspace
which takes a tropical curve Γ ′ to the divisor of its stable intersection with Γ. The kernel of Ψ corresponds to perturbations of the vertices and edge lengths that do not change the intersection with Γ. Let η ∈ R 2 be a general vector of sufficiently small norm, and let Γ ′ be the translate Γ + η. Then Γ ′ intersects Γ in d distinct points which lie in the interior of the edges of Γ, and so Γ ′ lies in the locus of linearity of Ψ. We claim that, locally at Γ ′ , the kernel of Ψ is 1-dimensional. Upon doing so, we are done. Indeed, since Γ ′ lies in the locus of linearity, we can apply the first isomorphism theorem to compute the image of Ψ in a small neighborhood of Γ ′ ; using Euler's formula
Let us now work toward showing that ker Ψ is 1-dimensional at Γ ′ . Recall that one of the vertices of Γ ′ is fixed in place: we choose this vertex to be the one whose dot product with η is minimal; there is a unique such vertex by generacity of η. We say a small perturbation of the edge lengths of Γ ′ is valid if it does not change the d intersection points Γ ∩ Γ ′ . We say that a vertex v ′ of Γ ′ is pinned if its location is fixed under all valid perturbations of the edge lengths of Γ ′ . If v ′ 1 and v ′ 2 are vertices of Γ ′ connected by an edge, we say the vertices are neighbors. We begin with some trivial observations. Since Γ is tropically smooth, it is a balanced trivalent graph. It follows that a vertex v ′ of Γ ′ if pinned under any of the following circumstances: (i) two of its edges intersect Γ, (ii) two of its neighbors are pinned, (iii) one of its edges e ′ intersects Γ and a neighbor not coming from e ′ is pinned. Finally, we observe that every vertex v ′ of Γ ′ has at least one edge e ′ that intersects Γ; indeed, v ′ = v + η for some vertex v of Γ, and viewing the edges as vectors emanating from the vertices, e ′ is the η-translate of an edge e of v that has negative dot product with η.
Consider a connected component Ω of R 2 \ Γ. It is convex [NS16] and since η is sufficiently small, (Ω + η) ∩ Ω = ∅. If Ω is a bounded region, then Ω + η is not contained in Ω; if Ω is unbounded, then Ω + η ⊂ Ω if and only if η is in the corresponding maximal cone of the recession fan of Γ. Therefore, there is precisely one region for which Ω + η ⊂ Ω; we denote it by Ω η .
We next argue that every vertex of Γ ′ which is not in the interior of Ω η must be pinned. Say v ′ 0 is a vertex of Γ ′ , contained in some region Ω, possibly equal to Ω η . We know v ′ 0 has at least one edge intersecting Γ. If two edges intersect Γ, then it is pinned. Otherwise, since Γ ′ is trivalent, its remaining two edges are contained in Ω. Both of these edges may be unbounded; for any bounded edge, the corresponding neighbor vertex is contained in Ω and we may apply the same argument to said vertex. The result is a chain of neighboring vertices
) intersects Γ; the other edge either intersects Γ or is unbounded and contained in Ω. We claim that if Ω = Ω η , then it is impossible for both v −s and v r to have unbounded rays contained in Ω. If Ω is bounded, this is clear. If Ω is unbounded, then its recession cone is generated by said unbounded rays of v ′ −s and v ′ r . So, if Ω = Ω η , then η is not contained in its recession cone, thereby showing that one of these unbounded rays must intersect Γ. We have thus established that one of v ′ −s and v ′ r has two edges that intersect Γ. Without loss of generality, say it is v ′ r . So, v ′ r is pinned. Then v ′ r−1 has a neighbor which is pinned and a different edge that intersects Γ, so it is pinned. Arguing in this manner, we see v ′ r , v ′ r−1 , . . . , v ′ 0 are all pinned. This establishes our claim that every interior vertex of Ω = Ω η is pinned.
If e ′ is a bounded edge between two pinned vertices, then there are no valid perturbations of its edge length. As a result, we have so far established that the only valid perturbations are of edges with an endpoint in Ω η . As in the previous paragraph, there is a chain of neighboring vertices
has an edge e ′ i that intersects Γ (hence intersects the boundary of Ω η ), and both v ′ r and v ′ −s have unbounded edges contained in Ω η . Moreover, it is not difficult to see that the v ′ i are the only vertices in Ω η . Consider first the case where some e ′ j is bounded, connecting v ′ j to a vertex w ′ j . Since w ′ j / ∈ Ω η , it is pinned. After choosing a small perturbation of the length of e ′ j , the vertex v ′ j is pinned. Then v ′ j+1 has an edge e ′ j+1 that intersects Ω η as well as a neighbor v ′ j that is pinned, so v ′ j+1 is pinned. Arguing in this manner, we see all v ′ i are pinned. In other words we have shown that small perturbations of e ′ j are allowed and that this determines the length of all remaining edges, i.e. ker Ψ is 1-dimensional at Γ ′ . The case where all e ′ i are unbounded is handled similarly, except instead of perturbing the length between v ′ j and w ′ j , we rather view this as a perturbation of the distance between v ′ j and the intersection point p ′ j of e ′ j with the boundary of Ω η . The same argument shows that the v ′ j may be freely perturbed along the ray e ′ j emanating from p ′ j , and once this distance is fixed, all remaining edge lengths are fixed. Hence, in this case we also see ker Ψ is 1-dimensional at Γ ′ . Corollary 3.6. R C is a polyhedral complex that is balanced and of pure dimension d − g.
Proof. Let X be a toric compactification of G 2 m such that the closure C of C is smooth. Consider the linear system on X of curves whose Newton polygon is contained in the Newton polygon of C, and denote L its restriction to C. Let L be the restriction to C of the subset of L of divisors that are supported on C. By Lemma 3.1, we see that Trop(L) = R C . Proposition 3.4 tells us that R C contains a d − g dimensional subset. Since dimension is preserved under tropicalization, the dimension of L is at least d − g as well. On the other hand, by Riemann-Roch, its dimension is at most d − g. We conclude that the dimension is exactly d − g.
Let L be the pullback of L by the natural map
m , and is the intersection of the linear system of D on C with the torus G 2d m . Since tropicalization commutes with pullback, we have Trop( L) = R C . Since L has dimension d − g, every irreducible component L ′ of L is also d − g dimensional, hence Trop( L ′ ) is a subset of R C that is balanced and of pure dimension d − g. It follows that the union of the tropicalizations of these irreducible components, namely R C , is balanced and of pure dimension d − g as well.
3.2. The locus of well-spaced divisors W Γ . As before, we use d to denote the degree of the stable self intersection divisor D Γ .
Assume that g(Γ) = 1. As in [HMY12] , the interior of top dimensional cells of |D Γ | correspond to divisors that are supported away from the vertices. Top dimensional cells of W Γ come in two flavours. Either they classify divisors supported on the external edges of Γ (namely on the complement of the cycle), or cells that have at least two chips in the cycle. Both of these cells are easily seen to be of dimension d − 1.
Let us next describe the co-dimension 1 cells of these full-dimensional cells. Consider first a top-dimensional cell classifying chips on the complement of the cycle. Well-spacedness implies that the minimal distance from the cycle is obtained at least twice. There are then two kinds of co-dimension 1 cells contained within this full-dimensional cell: either we require that the minimum distance is obtained by at least three chips, or that the minimum distance is precisely 0. Consider next the top-dimensional cells classifying divisors with at least two chips on the cycle. Such cells are full-dimensional in the linear system |D Γ |, so by [HMY12] , its codimension 1-cells τ v parameterize divisors where a chip is forced to remain at a vertex v. The adjacent full-dimensional cells to τ v are obtained by letting the chip move along one of the edges adjacent to v. Since Γ is tropically smooth, hence trivalent, τ v is adjacent to (i.e., contained in) three full-dimensional cells.
Lemma 3.7. If the genus of Γ is 1, then W Γ is a balanced polyhedral subset of R 2d of pure dimension d − 1. Moreover, every co-dimension 1 cell of W Γ is contained in exactly three full dimensional cells.
Proof. We prove the lemma for those full-dimensional cells classifying divisors with at least two chips in the interior of edges of the cycle; the other kind of fulldimensional cells are handled similarly.
In this case, a co-dimension 1-cell σ 0 is obtained by requiring a chip to remain at a vertex v. The adjacent full-dimensional cells are obtained by letting the chip move along one of the edges adjacent to v. Since Γ is trivalent, there are three such fulldimensional cells. Suppose that σ 0 classifies divisors of the form D ′ = p 1 + . . . + p d such that p 1 is at v, and p 2 , . . . , p d are in the interior of edges e 2 , . . . , e d . Then σ 0 is the subset of {v} × e 2 × . . . × e d satisfying a linear condition that ensures each D ′ is in the linear system of the stable self intersection, as follows. Orient the cycle and choose orientations for all edges not in the cycle; for each edge e i , let v i be the vertex at the base of the edge. If e i is the primitive direction vector of e i , we can write p i = v i + a i e i for some a i . Then the linear condition is that a i = c for some constant c, where the sum is taken over the edges in the cycle.
Let f 1 , f 2 , f 3 be the edges adjacent to v, and f 1 , f 2 , f 3 their primitive direction vectors. Note that either two of the edges are part of the cycle or none of them is. For each j = 1, 2, 3 we have a cell σ j classifying divisors in which the chip from v is allowed to move to a point p on f j . Write p = v + b j f j . Depending on the orientation of f j , the number b j may be negative. When f j is part of the cycle, the cell σ j consists of all the divisors such that b j + a i = c, where again, the sum is only taken over the edges in the cycle. If f j is not part of the cycle then σ j consists of all the divisors such that a i = c.
To show that W Γ is balanced at σ 0 , we mod out by the span of σ 0 , and show that we get a balanced 1-dimensional cell. Assume first that v is not part of the cycle. Then modding out by σ 0 , each cell σ j is the positive span of f j . Since Γ is balanced, it follows that so is the star of σ 0 .
Next assume v is in the cycle. Without loss of generality, f 1 is the edge of the cycle oriented away from v, f 2 is the edge of the cycle oriented towards v, and f 3 is the edge that is not part of the cycle. After modding out by σ 0 , we have the following, where pos denotes the positive span: Since u 1 + u 2 + u 3 = 0, the star at σ 0 is balanced.
As mentioned above, when all the chips are on exterior edges, there are two kinds of co-dimension 1 cells. If the minimal distance is obtained by at least three chips, we get a full dimensional cell by letting the distance of one of the chips increase. If the minimal distance is obtained by two chips and is precisely 0, we obtain a full dimensional cell by letting the two chips move together in one of three possible directions. The proof that W Γ is balanced at these cells follows similarly to the case described above.
Lemma 3.8. If Γ has genus 1, then W Γ is connected in co-dimension 1.
Proof. Throughout the proof we say that a path in W Γ is admissible if it avoids cells of co-dimension greater than 1. First, let D 1 and D 2 be divisors in top dimensional cells of W Γ , such that all of their chips are in the cycle. By definition of |D Γ |, we know that there is a path between D 1 and D 2 since they both have a path connecting them to the stable intersection Γ · Γ. It suffices to perturb this path so that it only goes through co-dimension 1 cells. First we claim that since D 1 , D 2 have at least three chips, we can find a path between them such that all the divisors along the way have at most a single chip on a vertex. Indeed, if a path between them contains a divisor with more than a single chip on a vertex, we can perturb the chips while maintaining linear equivalence to ensure that only a single chip passes a vertex at a time. In particular, that path is admissible.
The proof will be complete once we show that there is an admissible path from every well-spaced divisor to one supported on the cycle. Suppose that D is in a top cell, and has chips on exterior edges. By well-spacedness, D cannot have exactly one chip on the cycle. We claim that there is an admissible path between D to a divisor in a top dimensional cell with fewer chips on the exterior edges. If D is supported away from the cycle, then the minimal distance of its chips from the cycle is obtained by two chips. Bring them to the cycle while maintaining equal distance, then move them away from the vertex while maintaining linear equivalence. If D has at least 2 chips on the cycle, bring one of the chips from the edges into the cycle, then move it away from the vertex while maintaining linear equivalence. By repeating this process, we end up with a divisor that is supported on the cycle.
3.3. Comparing the loci R C and W Γ . In this subsection, we show that when g ≤ 1, the locus R C coincides with the locus of well-spaced divisors W Γ . It then follows that R C = R Γ = W Γ . Lemma 3.9. Let Σ 1 ⊆ Σ 2 be balanced polyhedral complexes in R n of the same pure dimension. If Σ 2 is connected in co-dimension 1 and every co-dimension 1 cell of Σ 2 is adjacent to exactly three full dimensional cells, then Σ 1 coincides with Σ 2 .
Proof. To begin, we show that there is a top-dimensional cell of Σ 2 that is contained in Σ 1 . Let σ ′ be a top-dimensional cell of Σ 1 . Since Σ 1 and Σ 2 have the same dimension, σ ′ is necessarily contained in a cell σ 0 of Σ 2 where σ 0 and σ ′ have the same dimension. So, there is an open neighborhood of σ 0 that is contained in σ ′ . Since Σ 1 is balanced, it follows that σ 0 is contained in Σ 1 .
Having now shown the existence of a top-dimensional cell σ 0 of Σ 2 with σ 0 ⊆ Σ 1 , fix an interior point p 0 ∈ σ 0 . To prove Σ 1 = Σ 2 , it suffices to show every topdimensional cell σ of Σ 2 is contained in Σ 1 . Choose an interior point p of σ. Since Σ 2 is connected in co-dimension 1, there is a path γ : [0, 1] → Σ 2 from p 0 to p which avoids cells of co-dimension greater than one; choosing the path minimally, we can assume it intersects all cells a finite number of times. Any time that the path crosses from one cell to another, it must pass through their intersection. Since γ avoids cells of co-dimension greater than one, this means we have 0 = s 0 < t 0 ≤ s 1 < t 1 ≤ s 2 < · · · < t m = 1 and a chain of cells
We inductively show σ i ⊆ Σ 1 . We have already shown σ 0 ⊆ Σ 1 . If σ j ⊆ Σ 1 , then τ j is also contained in Σ 1 since τ j ⊂ σ j . By assumption, τ j is contained in exactly three full-dimensional cells, two of which are σ i and σ i+1 . Since Σ 1 and Σ 2 are balanced and σ i is contained in Σ 1 , it follows that all full-dimensional cones containing τ i are also in Σ 1 , in particular, σ i+1 ⊆ Σ 1 .
We are now ready to prove the main theorem:
Proof of Theorem 1.1. Assume first that the valuation surjects onto R. Fix a smooth curve C such that Trop(C) = Γ.
We begin by showing that a divisor is (Γ, Γ ′ )-realizable only if it is well-spaced. Let C = V (f ) and C ′ = V (g), and denote by Γ the tropicalization of the graph of the function g| C . Since C is isomorphic to its graph, it follows that Γ is a realizable tropical curve in R 3 and is, in particular, a well-spaced curve [Kat12, Spe14] . By the slope formula [BPR14] , Trop(div(g| C )) = div(Trop(g| C )). In other words, Trop(g| C ) is linear away from Trop(C ∩ C ′ ). It follows that Γ bends exactly at those points (x, y, z) such that (x, y) is the tropicalization of an intersection point of C and C ′ . Now, if a simple cycle of Γ is contained in a plane, then by well-spacedness for curves, the closest point to the cycle where the graph bends is obtained at least twice. Since the bend points correspond to the intersection points, we conclude that the intersection divisor is well-spaced.
We now prove that in genus g is at most 1, well-spacedness is a sufficient criterion for Γ-realizability. By Corollary 3.6, R C is a balanced polyhedral complex of dimension d − g. We claim that W Γ satisfies the conditions of Lemma 3.9. If the genus of Γ is 0, then well-spacedness is vacuous, and W Γ is the entire space Γ d . As such, it is balanced, pure dimensional, and connected in codimension 1. If g = 1, the same properties follow from Lemmas 3.7 and 3.8. Lemma 3.9 then shows that R C = W Γ , and therefore R C = W Γ . In particular, R C does not depend on C, and
Finally, if the valuation is not assumed to be surjective, let D be a divisor in W Γ . Let (K ′ , ν ′ ) be an extension of (K, ν) such that ν ′ is surjective onto R. By the discussion above, we know there is a divisor D, defined over K ′ , such that Trop(D) = D, and D = C ′ · C for some curve C ′ with Trop(C ′ ) = Γ. By [BR15, Theorem 1.1], we may choose D so that it is defined over K.
Although we only needed to show R Γ = W Γ , the proof of Theorem 1.1 shows the following stronger result:
Corollary 3.10. Let C be a smooth irreducible plane curve and let Γ = Trop(C). If the genus g(Γ) ≤ 1, then R C does not depend on C, and R C = R Γ = W Γ .
Open questions and non-self intersection
We end with several remarks about the general case. Let Γ and Γ ′ be tropical curves of any genus. One can ask which divisors D are realizable as Trop(C ∩ C ′ ) where Trop(C) = Γ and Trop(C ′ ) = Γ ′ . When Γ = Γ ′ , well-spacedness is still necessary by Theorem 1.1. The following example, which first appeared in [BM11, Lemma 3.15] shows that Morrison's condition does not guarantee lifting of intersections. Since the curves in question are all rational, and well-spacedness is vacuous in genus 0, it follows that our obstruction is insufficient as well in the general case.
Example 4.1. Let Γ and Γ ′ be tropical curves with a single vertex at the origin, such that Γ is dual the the triangle with vertices (0, 0), (1, 0), (0, 1), and Γ ′ is dual to the triangle with vertices (0, 0), (0, 1), (1, a) for some a ∈ Z. The region of intersection of Γ and Γ ′ consists of the unbounded ray ρ = {(x, 0) | x ≤ 0}, and the stable intersection consist of |a| + 1 chips at the origin. The stable intersection is equivalent, via a piecewise linear function supported on ρ, to any configuration E of a chips on ρ. However, one easily confirms that for any choice of C and C ′ such that Trop(C) = Γ and Trop(C ′ ) = Γ ′ , the tropicalization of C · C ′ contains at least |a| − 2 chips at the origin. In particular, if |a| > 1, not every divisor E is realizable.
The key tool that fails when Γ = Γ ′ is Lemma 3.1. However a similar technique still works in special cases. For instance, let C 1 = V (f 1 ), where f 1 = t+x+xy +tx 2 , and let Γ ′ be the horizontal line at height 0 in R 2 . Theorem 1.1 implies that whenever Trop(C 2 ) = Γ ′ , the tropicalization of C 1 ∩ C 2 consists of two points (−ǫ, 0) and (ǫ, 0) for some 0 ≤ ǫ ≤ 1. We claim that any such pair of points is (Γ, Γ ′ )-realizable. Indeed, consider the curve f ′ 2 = t + a(x + xy) + tx 2 , where a is a generic element of K of valuation ǫ. Let C ′ 2 = V (f ′ 2 ). Since a was chosen generically, the tropicalization of C ′ 2 ∩ C 1 is the stable intersection of Γ ′′ and Γ, which is (−ǫ, 0) and (ǫ, 0). Let f 2 = f 1 − f ′ 2 , and denote C 2 = V (f 2 ). Then Trop(f 2 ) = Γ ′ , and C 2 · C 1 = C ′ 2 · C 1 = {(−ǫ, 0), (ǫ, 0)}. Remark 4.2. In the special case where ǫ = 0, the two intersection points of C 1 and C 2 tropicalize to the origin. However, it does not immediately follow that C 2 may be chosen to be tangent to C 1 . Nevertheless, as shown in [LM17, IL18] , the tropical line Γ ′ may be lifted to a tangent of C 1 .
When the genus is greater than 1 and Γ = Γ ′ , it remains open whether wellspacedness is the only obstruction to Γ-realizability.
Question 4.3. Let D be a divisor on a smooth tropical plane curve Γ. If D is well-spaced and equivalent to the stable self intersection D Γ then it is Γ-realizable? 
